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We demonstrate how the Einstein's equations for the D- 
dimensional spherical gravity can be written in the covari- 
ant vector-like form. These equations reveal easily the causal 
structure of curved spherically symmetric manifolds and may 
appear useful in investigation of different models of brane uni- 
verses. 

A general spherically symmetric D-dimensional space- 
time is a direct product of a two-dimensional pseudo- 
Euclidean manifold M2 and (D — 2)-dimensional sphere 
Sd-2, and its line clement can be written in the form 



ds 2 = g^dx^dx" = g ik dx t dx k — r 2 (x l )da 



D—2i 



(1) 



where Greek indices run values (0,1, 
dices take two values (0, 1 
of the unit (D — 2)-dimensional sphere 



D — 1), Latin in- 



and da 2 ~ ) _ 2 is the line element 



d<^D-2 = Ea lAAdO\, 
7ii = 1) 

IBB = Si 

< e B < 7T, 



< 0i < 2tt, 



(2) 



7_bb = sin 2 61.. .sin 2 6b-\, 



2 < B < D 



The radius of the sphere r(x l ) is an invariant function 
under the diffeomorphism on M2. 

The three metric coefhcients gik of a two-dimensional 
manifold can, in general, be subject to two coordinate 
(gauge) conditions. Thus, we are left with, essentially, 
one function defining the metric structure on M%. Such 
a function can be chosen as a invariant (under diffeomor- 
phism on M2). This is clear from the well known fact 
that the general two-dimensional metric is (locally) con- 
formally flat, and the conformal factor is an invariant. 

But we make another choice. As a second (the radius 
r(x l ) is the first one) invariant we will use a squared 
normal vector to the surfaces of constant radius r(x l ) — 
const., 



A = 9 



ik 



R,iR,k, 



(3) 



where denotes a partial derivative with respect to 
corresponding coordinate on Mi. It is important that 
these two invariant functions, r and A, reveal easily the 
global geometry of the complete two-dimensional man- 
ifold, especially its causal structure. In particular, the 
surfaces A = define apparent horizons, separating re- 
gions in the space-time under consideration where A, 
and surfaces of constant radius are timelike (i?-regions, 



radius can be chosen as a spatial coordinate), and those 
with A > (T-regions. surfaces r = const, are spacelike, 
and radius can be chosen only as a time coordinate) |Q . 

Let us write down the D-dimensional Einstein's equa- 
tions (Gd - is the D-dimcnsional Newtonian constant) 



G^v — R^v — —g^vR — SnGoT^, 



(4) 



where 



Rfiv — d\T^ — d v Y 



^ixv^"\c ~~ r^ CT r^ A (5) 



is the Ricci tensor, R — g^R^ is the Ricci (curvature) 
scalar, and 



1 



9^ G/crjL*,*/ H~ QcrUjii Q\xv,<j) 



(6) 



are the metric connections. 

According to the decomposition of the metric tensor 



ft,,,. 



(g lk - ^i AA ), 



(7) 



7 AA 7AA = 1, 



the metric connections are naturally decomposed into six 

groups, r^,r^ fe ,r^4 B , 

are not identically zero, namely, 



r 



\g lp {gpi,k + g P k,i - gik,p)i 



k 

T AB = g lp rr, p ~fAAS A , 



T A 
1 Bk 



(8) 



r sc = \l AA {lBB,c5i + 1cc,b5% - Jbb,aSc)> 



where is the usual Kronecker symbol. 

The Ricci tensor i? M „ is decomposed into three groups, 
Rik , RAk , Rab , and only and Rab are not identically 
zero. They are 

R l k = i2) R tk -(D-2) r -^ 

Rab = (s) Rab + {g lp rr ]lp + (D - 3)<^r ,,r , p )iaa5%. 

(9) 
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Here the vertical line denotes a covariant derivative with 
respect to the metric gik on M2, ^Rik is the Ricci tensor 
of M2, and ( s 'Rab is the Ricci tensor of the (D — 2)- 
dimcnsional unit sphere. The curvature scalar is 



R = MR- 
US) J} 2(D-2) ik (D-2)(P-3) jfc 



(10) 



9 r,ir,k, 



where ^ 2 ^i? and are the curvatures of M2 and the 
unit sphere, respectively. For the general n-dimensional 
sphere the mixed component Ricci tensor and the curva- 
ture scalar are 



WRi = (n-l)5£, 

i n )R = n{n-l). 
In our case n = D — 2 and we have, finally 



(11) 



R 



b - M( D ~ 3 ) + 9 lp rr llp + (D - 3)g lp r tl r iP )6£, 



R = WR 

2(D-2) 



9ikT\ ik 



(D-2)(D-3) jk r , r k _ (D-2)(D-3) 



(12) 



The Einstein's equations are also decomposed in the 
the two-dimensional M2-part and the angular part. Let 
us first write the latter one, 

g b = r b ~ \ s b r = 



^9 ik r\ik + t£^*l g ik r . r>k (13) 



+ [D -f?- 4) \™R)8i = 6nG D T$8£. 

Note that all the angular components of the energy- 
momentum tensor Tj± are equal and invariant under co- 
ordinate transformations on Mi- 

The M2-components of the Einstein's equations take 
now the following form 

r< d 1 d (D-2) . 
(-fife — tiik — 7;9iktt — " f\ik + 

\g ik {D - 2)(^r ]lp + ^g lp r tl r, p + ^) = (14) 
8nGoTik- 

It is a well known fact that the two-dimensional Ein- 
stein's tensor ^Rik — l/2gns^R is zero everywhere ex- 
cept, maybe, some singular points, so, it disappeared 
safely from Eqn.(|l4|) (but the curvature scalar 2 R enters 
our Eqn.(U) !). 



In order to reach our goal and write the Einstein's 
equations for the spherical D-dimensional gravity in a 
vector-like form let us do the following. First we multi- 
ply Eqn. (|l4|) for G\ by r 2 r j. and sum over k. We get 

G k r. k r 2 = (D — 2)g l Pr llp r }i r- 
(D - 2)g kl r [u r.k + (g ~ 2) 2 (g ~ 3) r,,A+ (15) 
(°^iEd» r . = 8nG D T t h, k r*. 

Here A is our second invariant function introduced ear- 
lier. Then, we take trace of the Einstein's tensor 
Tr(Gik) = G k and multiply it by r 2 r yi : 

G\r 2 r^ = 

(D - 2)g kl r lkl r^r + (D - 2){D - 3)r 4 A + (D - 2){D - 3)r , 



8nG D Tr 2 r^, 

where T = Tr(T lk ) = T k . But, 

9 kl r\ a r,k = -A,i. 

Subtracting now Eqn.(|l5|) from Eqn.([l6|) , we get 

rA i4 + {D- 3)r, i A + (D - 3)r, = 

l^r 2 (Tri-T t k r,k). 



(16) 



(17) 



(18) 



This equation can be written in a more elegant form 

(r^-V ( l + A)), = ^^r»- a (Tr,< - I*r |fc ). (19) 

The Eqn.(|l9|) is just what we called the vector- like form 
of the Einstein's equations for the spherical gravity. 

Till now we obtained two equations. But, there are, 
in total, four Einstein's equations for the _D-dimensional 
spherical gravity: three of them with in the right hand 
side, and the fourth one contains T£. Our Eqn. (|l9|) is a 
system of two partial derivative equations, their left hand 
sides are just the partial derivatives of some scalar func- 
tion. Thus, their right hand sides should obey a usual 
integrability condition. It can be shown that such an 
integrability condition together with two equations con- 
tained in Eqn.(jl^) are equivalent to the three of Ein- 
stein's equations with Tik in their right hand sides. The 
fourth equation, namely, Eqn. (|l3|) , is not very convenient 
for the use because of the presence of the two-dimensional 
curvature scalar 2 R. Instead, we can use the Bianci iden- 
tities that in our case are reduced to 



-<A 



rpB _ n 
1 A\B — U 



T± B = 0. 



(20) 
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Of course, in practice, we need only one (any one) of 
the two equations in the first line. The other one can 
be rewritten, after eliminating and making use of 
the Eqn. (|l9|) and the abovementioned integrability con- 
dition, as follows. 

r\uTl - r ]kl Tl = 0. (21) 

This equation may also appear useful because it does not 
contain the derivatives of the energy-momentum tensor 



To my knowledge, the vector-like equations, Eqn. (19), 
for the spherical gravity in four dimensions were first de- 
rived in and in the covariant form the Eqns.(|i~9]) and 
( f20l ) were considered in 
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